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A swollen polymer gel is a network of randomly cross-
linked polymer chains permeated by a solvent. Macro-
scopically (onlengthscales > 1 um), gels behave as tenuous
solids and their response to small deformations can be
described by the standard theory of elasticity of solids.!
On microscopic length scales, on the order of the size of
network chains (=100 A), they behave as liquids, an
observation which has led to the analogy (¢* theorem?)
between equilibrium swollen gels and semidilute polymer
solutions at overlap concentration c*,

The mesoscopic physics of gels on intermediate length
scales (102-10¢ A) has been the subject of many recent
light and neutron scattering studies. These experiments
led to the discovery of a number of unexpected phenomena,
the most spectacular one being the observation of butterfly
patterns of SANS isointensity contours.? Although there
has been a number of theoretical studies on this subject,*7
there is still considerable controversy regarding the
physical mechanism responsible for the above phenom-
enon. In this work we deal with a different issue which
is of foremost importance to the interpretation of diffuse
thermal scattering from gels, namely, with the relation
between their osmotic and longitudinal moduli.

Small-angle elastic scattering measures the small-
wavevector (k) limit of the static structure factor S(k)
which is the Fourier transform of the monomer density
correlation function. In gels there are two contributions
tothe scattering intensity: one associated with thermally-
driven (annealed) density fluctuations and one associated
with the frozen (quenched) heterogeneous structure of a
randomly cross-linked network. In light scattering ex-
periments the two components can be separated by time-
resolved measurements by monitoring the decay of the
two-time intensity correlation function. The situation is
more complicated in SANS experiments where the sep-
aration of annealed and quenched contributions is done
empirically, by assuming a given functional form (usually
Gaussian) of the k-dependence of the quenched (frozen-
in) component.? In the following we will assume that the
two components can be separated by a reliable procedure
and consider only the annealed contribution due to
scattering from thermal density fluctuations.

For wavevectors smaller than the inverse correlation
length for density fluctuations ¢, the annealed contribution
to the static structure factor is given by a Lorentzian:

S(0)
1+ £2q2
The long-wavelength (k — 0) limit of the structure factor
can be expressed as S(0) = ¢o2kpT/Ey, with kg Boltzmann’s
constant, T the temperature, ¢y the equilibrium monomer

density in a swollen gel, and Ey, the longitudinal modulus.
Aswe will show in the following, the physical interpretation
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of Ey, is intimately related to the question whether gels
should be considered as solids or as liquids, on length
scales probed by scattering experiments.

Let us first consider a two-component liquid mixture,
for example, a polymer solution. Forsimplicity, we assume
that the mixture is incompressible, i.e., treat the total
density (the sum of the densities of the two components)
as constant. This means that we only consider variations
of the local monomer density ¢ of the polymer component,
and the thermodynamic force responsible for these density
variations is the osmotic pressure II (applied through a
membrane which is permeable to the solvent but not the
polymer). In this case, simple thermodynamic consider-
ations relate the long-wavelength limit of the structure
factor to the osmotic compressibility dc/d11 of the polymer
solution, and one can readily derive the osmotic com-
pressiblity sum rule:?

S(k—0) = cokgT dc/Il1 2

Since the equilibrium osmotic modulus is defined as
E%"l = ¢q 9I1/dc, comparison with eq 1 yields

EY = Ey' 3)

and we conclude that, in liguid mixtures, the osmotic and
longitudinal moduli are the same. The physical content
of the compressibility sum rule is very simple—isotropic
liquids can only support isotropic stresses (pressure), and
therefore their response to isotropic (osmotic) compression
and to uniaxial (plane wave) density fluctuations probed
by scattering experiments must be controlled by the same
modulus.

Now, let us consider a two-component “mixture” which
consists of a solid (e.g., a porous medium or a polymer
network) permeated by a liquid. Although no ambiguity
arises in the case of rigid porous solids which maintain
their solid properties (e.g., shear rigidity) on all length
scales larger than mesh size,? the situation is less clear for
“soft” polymer networks. In the latter case it is tempting
to assume that swollen gels behave essentially as liquid
mixtures and to conclude that the longitudinal and the
osmotic moduli are the same. A closer examination of the
length scales involved in osmotic (macroscopic) and
scattering (since we are interested in the long-wavelength
limit, the relevant length scales are of order 103-10* A)
experiments shows that, with the possible exception of
extremely tenuous gels formed at the gelation threshold,
these length scales are much larger than the Born-Von
Karman length at which shear rigidity is established.1°
Onsuch length scales one must account for a fundamental
distinction between solids and liquids, i.e., the existence
of long-range elastic fields responsible for the shear rigidity
of solids!! (note that such elastic correlations extend over
the whole macroscopic solid and are not related to the
“liquidlike” correlation length £ which is on the order of
the mesh size of the network). We therefore conclude
that the fundamental description of fluctuations and small
deformations of a swollen gel must be that of an isotropic
elastic solid, with possible modifications resulting from
the coupling to liquidlike degrees of freedom.!2

Anisotropicsolid has two elasticmoduli: a bulk modulus
K which stabilizes the gel against isotropic volume-
changing deformations and a shear modulus u which
stabilizes it against shear deformations. A straightforward
calculation relates the two moduli to the longitudinal
modulus of the gel,1? E}‘fl = K + (4/3)u. Notice that, since
we assumed that the total network plus solvent system is
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incompressible, the only allowed volume changes are those
accompanied by a change of the number of solvent
molecules within the gel. Therefore, the bulk modulus K
is the same as the osmotic modulus of the gel E&' and we
obtain

Ef' = Bg'+ 2y @

We emphasize that the above results, eq 3 for liquid
mixtures and eq 4 for swollen gels, are general consequences
of the thermodynamics of liquid and solid systems,
respectively, and are independent of any dynamical
assumptions. Animportant corollary of eq 4 is that, since
the shear modulus is positive definite, the longitudinal
modulus measured in light scattering and SANS exper-
iments must always be larger than the osmotic modulus
obtained by osmotic deswelling or by mechanical exper-
iments on the same gels.}* Although, in principle, all the
moduli can be measured independently by different
experiments, direct comparison of the results may be
difficult because of ambiguities due to unknown prefactors
in scattering amplitudes.

An alternative approach was proposed by Tanaka and
co-workers, who studied the kinetics of volume changes
and dynamics of fluctuations (the latter by dynamic light
scattering) near the critical point of the volume phase
transition of NIPA gel. They found that the effective
diffusion constants obtained from swelling kinetics (Dxin)
and from dynamic light scattering (D) vanish at the same
temperature at which the gel undergoes a (nearly con-
tinuous) volume transition. Sincel® D, « Eiel and since,
in osmotic equilibrium, E&' > 0, these results appear to
contradict eq 4. A possible way out is to assume that the
shear modulus also vanishes at the volume transition point.
However, such an assumption has no theoretical basis and,
furthermore, direct mechanical measurements of the
elastic moduli suggest that the shear modulus remains
finite even at the critical point of neutral NIPA gels. 1617
We propose a different explanation. Note that the
argument relating the kinetics of swelling to the osmotic
bulk modulus, Dyjn = E%f’l is based on linear elasticity!4
and therefore applies only when the volume change is small.
This is not the case away from the critical point where
volume changes are large and the transition is strictly first
order. At the critical point the volume discontinuity
becomes small but volume fluctuations diverge and linear
theory is again inapplicable. We conclude that nonlinear
elasticity and concentration-dependent moduli must be
incorporated into the description of the volume transition
of gels. Although such a theory was not worked out yet,
we expect that close to the critical point the rate corre-
sponding to a truly isotropic volume change (which does
notinvolve the shear modulus) is very small and eventually
vanishes asthe critical point is approached.l* Thissuggests
that the observed volume transition does not take place
at osmotic equilibrium but rather close to the stability
limit (“spinodal”) which corresponds to the point where
the longitudinal modulus vanishes. Further work which
combines mechanical and scattering experiments on the
same gels, both away from and near volume transitions,
is clearly needed to clarify these issues.

Notice that eq 4 does not imply that the longitudinal
modulus of a gel has to be larger than the osmotic modulus
of a solution of un-cross-linked but otherwise identical
polymer chains (measured at the same concentration and
temperature as the gel). Such claims were often made in
the literature, based on the so-called additivity assumption
of the classical theories of gels.® According to this
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assumption, the free energy of the gel is the sum of an
elastic term and a contribution from a (Flory-Huggins)
free energy of mixing with the solvent, which is assumed
to be the same as.that for a solution of identical but un-
cross-linked chains. Using the classical theory one can
show that E'(classical) = E%' - 1/3u and substitution
into eq 4 yields

E(classical) = E&' + u (5)

Classical theory therefore predicts that Ef > E§' and
therefore that the thermal fluctuation contribution to the
small-angle scattering from a gel is always smaller than
that from a solution, in apparent disagreement with both
SANS9:.20 gnd dynamic light scattering experiments?! (this
behavior is not universal; ref 22 reports EF*/E” = 1.5 in
agreement with classical theory, and ref 20 reports that,
while this ratio is smaller than unity at low cross-link
densities, it exceeds unity at the highest cross-link density
investigated). The above discrepancy should not be
interpreted as a violation of the thermodynamic relations,
eqs 3 and 4, but rather as an indication of the breakdown
of the strict form of the classical additivity assumption,
according to which the osmotic contribution to the free
energy of a gel is the same as the Flory-Huggins free energy
of a solution of identical but un-cross-linked polymers.
The observation that the osmotic free energy of the gel
depends on the state of cross-linking is supported by recent
calculations?® and can explain the anomalies observed in
differential swelling experiments.2¢-2 It appears plausible
that solubility is reduced by the introduction of cross-
links, and since, under most conditions (except very close
to the critical point), the osmotic modulus is much larger
than the shear modulus, the inequality

E¥' < EY' 6)

may hold for typical polymer-solvent combinations (at
the same temperature and concentration). In this case
one may expect thermal diffuse scattering from a gel to
be stronger than that from a semidilute polymer solution,
in particular as one approaches poor solvent conditions.
The expectation that the # point is reached in the gel before
the solution is supported by the observed scaling of the
cooperative diffusion coefficient with concentration in ref
22 and by recent neutron scattering experiments on NIPA
solutions and gels which show that thermal scattering from
the gel becomes an order of magnitude larger than that
from the solution, as the temperature approaches that
corresponding to a (continuous) volume phase transition
in the gel.1®
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